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She ene rgy averaging of the B o l t z m a n n - Vt a s ov  c i n e ~~h ~~~~ : ‘ 4 tion

i~ ~e:~~orned for sma ll discharge currents in a ne-dimennL~nat

~ rt r ’,xj y i~ tj on  on the  a s sumnt ion  thar the velocity distributi ’ n

of th€’ electrons is near tr the Maxwe l L d ist r i b u t ion .

I •

o nE’ O~
’ t~ e st a r t i rg  e q u a t ion s  ~~~ the i o n i z i n p  wave s’ theory

d ev eLr , r)ec~ at the r h v ~ ic~ I n st i t u t e  ~SA’/ In  ~rague is a L i ne a r i z e d

ene rg y t r~ .—~s~ er e q u a t io n  (see •/~~/ )

( 1)  . ~-~~+a 1 9 r = b i e ,

where “ z ” Is the d i sch ar g e  axis (its DoSLtive direction here is

fr:r. the  ca thode  to the anode - for this reason In the equation
the rm a l

( t )  the s igns are changed), a an d “ e ’ are e lec t ron

deviations exrrensed in energy units and lon~ itud1nal electrical

fieLd intensities • deviations from a state of equitibriuri .

This equation was obtained by linearizing the Granovs~y /2/

e q u a t i o n  for  the enerpy balance of electron collisions.

In this wOrtc the energy trans ”er e q u a t i o n  is exac tly  deduced

from the Boltzmann-VLaEm v cinetic equation for electrons
i~f . F

( 2 )  .- • + cV,f, + - V rfe

for  a case of quaa i-Maxwet i i an  eLec t ron  veloc i t i es  d I s t r Ib u t i r ~n

for  small ,  d ischarge currents in a u n i - d im en n i o n a t  ap s rox imat Ir ~n

( n o t  aDpt ie d  to non-homo geneous e lements in the rad ia l  d i r e c t i o n ) .

In the equat ion ( 2 ))  in a pa r t it i on  f u n c t ion  of the e lec t rons

ve locities , “t”  In t ime , “c” is instantaneous veloci ty ,  7r’ V~

are operators in the coordinates and velocit i es ’ sub—space of

the phase space, F~ is the force acting upon the electrons, m~
Is the mass of electron, [~

‘j 1
/~ç ] Is the collision member which

— 1 —



expresses b~ the interaction of electrons among thenselves and

with all the other particles.

2. rWJUCTION flF Ti~ F.QUATION Ft)R THF TRANSFFP

F~FRG Y ~)F FT,FCTRta:U~.
‘Under taboralory conditions ~~ Low pressure plasma Let us

assume that the partition function f
~ 

appears in the f o L L o w in g

m anner  (aS in re fe rence /3/)

(3 ) 1. = K, exp {-_ 7,m~[(c 1 — it ,)’ + c~ + c
~
])

, “
~~~•‘ ~~ the B ot t zm an n  con stan t  and Te is the electron

tenmerature, ci is the i-th element of instantaneous velocity and

u~ in the “ carrying away ” velocity  of the electrons ( i n  the

direction of the “z” axis). The constan t 
~~ ~~ 

introduced as a

standard for  the concentrat ion N
N~ =f fdC.

(c)

Using the method of re fe rence /3/ it Is ~onsibLe to demonstrate

that 
~ \

3/2
K. = N, ( ~~~ _.!

( 4 )

In order to obtain the eLectrons energy transfer equations, we

have t~ multiply equation (2) by a quadruple of the instantaneous

veLocity “c” and integrate throughout the velocities’ sub—space in

the phase space (see aLso /3/).

(5) dC + $ c2(cV, ) f ,  dC + f c
2 (.!i ~~~ dC J~ 

{&L~] d C .

The first two integrals on the Left side of thin equation may be

caLcuLated simply by expressing the instantaneous velocities in

spheric coord inat4, carrying out the suitable substitutions, deve

Loping in series and by Limiting (with a precision of 3 signifIcant

FTb—I ~~(H~~)1-1b~ 6— 7~ -2-
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figures) our selves to its first member (see addendum).
t

The integration method chosen ex~ Lainn ~~~negtect of the Idne-

tic energy of the “carrying away” veLocity of the eLectrons as

compared to the thermaL en;rgy. If we denote

( 6 )

we shalt obtain
I c2~~~d c = - ~~.

2_ ,~e ,(7 )  
J (r) CI ~ 1 m,

~ f c2(cV,)f, dC -~- !~! N,Ou,.
(e) CZ 3 m,

When caLcuLating the third integra L we have to ma~ce an

asnumotion about the acting forces. in the case of t he usual

conditions in the positive coLumn gLowing discharge F~ Is t h e

T~~rentz farce give n by the equation

(9) F, = —q 0 E — x H] ,
Co

where —q in the eLectron charge, “F” and “H” are in t ensi tie s  of

the electrical and magnetic fieLds, C0 is the velocity of Light

in vacuum . By a trocedure si”m itar to the caLcu lation r,~’ the above

mentioned integraLs we may easily obtain the following (see the

addendum),

f ~2(F. V ’
~f, dC = — 2_ q0 N,u,E .

1 
•J ( )  \m, J RI,

The integral on the r ight  side exoresnes the cool ing or heat ing

of electrons by the action of co lLi sions .  Later we w i l l  provide

t~1is equation with an approximation exoression and for this ourpose

we will establish which processes we shall taI~e into account

and which we shalt neglect. In the meantime let us point outs

( i i )  I C2Wh1dC~~~~4
J(c) L~’J

If we substitute the expressions ( 7 ) ,  ( 8 ) ,  ( 10)  s~ ( i i )  in ( 5 )

.1_i 
p1’u..1u(HS)1—1826—7u ..

~~~~
.. 

- ____ _______________________



and solv ing  for  me/2 we obtain the folLowing equat ion

(12) -~~ (N,O) + ~ .
~~~

- (N ,Ou ,) = q0 :V,u,E + A .
3~~~z

~y fur ther  arrangements and w i t h  the aid of ’ the e lectrons conti-

n u i t y  equat ion

( 13 ) ‘~~~‘ + div (N,u,) =

oI

(wh ere ~ A4’,~ expresses the creat ion and ex t i r it i on  ~f electrons

by ion iza t ion  and recombinatiun resoectivety)  , we obtain the f i n al

energy transfe r equa t ions

( i4 )  + Si,— = q0 u,E — ~,~!_ ! ‘~!2 — ~~~~ 
_~~~~~~ o 5-t~-’ + 1A .

81 öz N, 8z ax N, ~ t N,

I-t n ’ r igh t  side we interore t as fo l lows , The f i rst  member expresses

heat ing by JouLe type heat ,  the ~econd expresse s coo l ing  (or  he -it ing )

by exoansion (or  compress ion) ,  The th i rd  expresses cool ing  (or

heating ) provided by the st~ace gradient of the electrons “carry irw

away” velocity, The fourth member expresses cooling caused by

heating of cold electrons (just created ) to a given temperature

(= increane of their dnetic energy t’, the mean ~cinetic energy of

the r enam ing elec t rons) ,  the f i f t h  member exoresse s coo Lin g  or

heating wf~ of electrons under the in fluence  of c oL L i s i o n s

and / . . . it t e gibt e . . ./

a ) c o o t in g  by elastic coll i sions  wi th  heavy oartictes,  b) cool ing

by charging (or stepwine charging ) of neutra L (or  charged , or

ionized ) oart ict en , d)hea ting  by coLLi s ions  of othe r k ind s .

Let us write further.

( i S )  A =  — N~~~ci1q0 1J ~ .

where in the frequency of the ~t-th order of coLLision for

____________________ 4



one electron and q~)U( is the energy consumed (or  gained , th en U ..

w i l L  be negat ive ) du r ing  one such c ol l i s ion  of the f t - t h  order.  Thus

we shal l  obtain the equat ion  ( i 4 )  in the f o L L o w i n g  fo rm ,

(16) N ( ’~P + — ~~~~~~~ — jN,0 ~~~ — 0  ~~~~~
‘ — N,~~ ;q0 U1.

3. T1INFA RI ZATI QN OF T~~ FLE~~T~ ON FN~~GY 2HAN ~~F Fi ~

EQUATION AND flI~ CU~~~I~ N

T1et us assume such a plasma disturbance where the magnitudes

in the n~ sit ivo co lumn are modified in such a manne r that  t he i r

values become ~ N, N,0 + ii . ,  J n ,J 4 N , 0,
0 = 0~~+ 9 , 

~ 
4 0~ , ;=;~~+~~~~.9 -

(i  ) £ 44  e , lel = 1E01, 80

(th e  sub— index o denotes  the va lues in the homogeneous pos i t ive

c o l u m n ) .  Equation ( i 6 )  for  the homogeneous co lumn has the f o l l ow i n g

form s
q0 u,N,0E0 N ,0 ~~ LOq~U~ = 0.

( i P )  k

Tet us substitute the relationships (1 ’?) in equation (i6), nubst rac t

(,gJ equation (~~
) and a f te r  rearranging we ob ta ins

N, ~~~~ + ~N,zi, ~~ + N,0 ~ q0 U~9 = q0 u,N ,0e + q0 u,E0n, + .
8t & 80 — ~u,0 ~~~ — - ‘ — nj ~ci~0q0 U~ — 0 -

Un - 
6t

From here it is evident tha~\(fhe analogous equation (~~) on l y

the second and third Left  side members and the f i rs t  member on the

right side of that equation are taken into account ,  that  is , the

derivation wi th  res i~~ct to time and the members reLated to the

variable count of particles have been negLected .

For further discussion we must express the “carrying away”

v~i.ocity. We shall use for this purpose the continuity equation

( 13) .  Thus it is valid .

N,u, — — D, grad N, — Eu,N,

— 5—
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(where T) and j& are d i f f u n i ~ n c o e f f i c i e n t  and tne mobi lity of

electrons , respectiveLy),

a Iso
D, L’s:,

(20)

Then from equation (19) it folLows that if we consider D~ as a

cons tan t  and disregard various  f~rt~~1z further causes contribu-

t i n g  to th e “ carry ing away ” veloc i ty  u0 which  are ore sent in

eq u at i o n  ( 2 0 ) , we w i l t  not get in equation ( 19) any membe r expre-

ss ing  the ’4d i f f us i o n  ~ e~~t of electrons caused by the temoe rature

~rad L ent  ( tha t  is , a member containing ) but so l e ly

a member exoressing the electrons thermal diffusion caused by the

grad ient of sart ictes ’ count (tha t  is , a member conta in ing .

3r~ / dz~ ) .  The member con t a in ing  
~~~~~~~ 

may be obta ined

o n ly  by precising the expression ( 2 0 )  for  the “ ca r ry ing  away ” veloci-

ty .  ?.et us consider if it is possible to mac e  t h i s  equa t ion  more

accurate b” these tw~ meth od~~s

1. By expanding ue by one more member, by the comp onent  of the

“ carrying away ” veloci ty re lated to the electr ns ’ therma l grad ient

(of  the tyoe (-l/T0) grad DTTe~~ 
The mechanism

of heat d i f fus ion  of the electrons is of two tyoes /4/ $

a)  transfer of k ine t i c  energy by col li s ions  of the e lect ron-elect ron

type s but because these co lLis ions  take place in a Low pressure

oLasm a at small  currents the y are unlitet y to occur and may be

neglected . b)  Penetration of electrons from higher Levels of mean

~cine tic  energy into Lower mean k ine t ic  energy levetsi  this  manner

of d i f f un i on  is given onLy by the concentrat ion gradient  which  is

included just in the “carrying away” velocity.

-‘-
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2. ~y con side r ing  tL e  dep endence on te!r ne rature of :~ (t he rmal

d i f f u s i o n  - see /,~ / )  wh ere the mobiLit:’J4~ e can be cons ider ed

In ~‘irst ar ’or ox lm at lon  -~s constant  ( t h i s  may eas ily  he g en e r a l i z e d) ,

a l s o De in the expression ,~~~~. ~~~~~~ 7 )/q is a L in e a r
/ 1~~

~‘u n c t i f ) f l  of temoe rature , then
1 L’D N

- U, = — — —

N, 8:

t hus ~~~~~
De ( ~H~’~

2 82 D I a D efl D L ’ 7n
0z N, \ öz) 8z 2 N~ 8: 8: N, 8: 2 

—

and because D, = D, (0(z)) ,

we have

(21) = — — 
I ôD , 8ö L ’,ç D, 8~n, öe

8z N’k~? ’J 80 8:2 N öo 8: 8: 
— 

N z ~~~~
11’8z ’

~ro m this we see that the fourt h member on the ri gh t side

o~’ equa t ion  ( 19 ) ,  when a L inear  dep endence  on tempe rature is con-

sidered for D~ , indicates  besides othe r orocesse s also the e lec t rons ’

therm al  d i f f u s i o n  und er  the in fLuence  of a temperature gradient

( second member ) and the oarticLes ’ count gradient ( fou r th  membe r

of expression ( 2 1) .  ~y other  processe s we mean here a deoen dence
oerature

on the total  t ime varia t ion of the electrons ( on the gra-

dient  of electric fie ld deviation from the equ i l i b r i um state , on

the particles’ count gradient and on the mixed re t a t i on s h in s  w i t h

the r a r t ict en ’ count grad ient and the electron temperature

gradient .

~i .  CONCLUSION

Fur small  discharge currents (up tu~ j 10mA/ cm 2 )  we performed

in a uni -d imens it naL approximation an energy averaging of the

Boltzmarin -VlaE5O v k ine tic  equation assuming a quasi-MaxwelLian

eLectron veLocities dis t r ibu t ion.  ~1e deducted equations which

— 7-



corre srmnd with equatiOn (1 ) and have considere d a m e t h o d  for

a ‘~ur th e r m n n r o x i m a t i on .  In c~ n c t u s i o n  the a u t hor  th~ n~ n I , .N i c h o v

~~~~~~ I .Vene ly  and L. ~e’car icov ~~~~~ ‘~or th e i r  valuab le  nu~~’er ~t i on s

-and i,F~chnov for , besides, a care fu l pr oofreading and comment s .

C2 t.~n I2tlon ~f in tegraLs.

1. f c 2
~~~~dC: 

as a consequence of independence of
J ( c) ~

time , coord ina te s and instantaneous  ve loc i ty  we may ,  ft er  s o lv i n g

~or ~~2 
~~~ and (h - ) and s u b s t i t u t i ng

( Di ) C1 = C cos ) , c2 C Sm COS 1,0 , C3 = C S II1 ~
) Sill 1,0

wri te 5 ~~ = ~~~~~~~~~~~~~~ fi f2*
(c) ~~ ‘~ I .Jc~~oJo=oJ~~~ o

wher e  ~~~~~~ c~ ’~
’5 C si,~ ~i dC d~9 d4~ .

( J2 ) = 2y,m~i,C

~rom the  r e l a t io n sh in  ~iJ > q0 N ,f : çJ ~ 
we obtain

the m~gnitude of the “ carrying away ” velocity of the e te c t ron a s

fur the density of the current i ~ 10mA/cm~ and concentration

e~~’ 
l0~~ cm

3 we obtain u9~~ lO 6cm/s. Further for T~~~ iO~ we

arrive at me~~ln
16 52/cm 2. From here we see that the ~actor

( D3 ) e~~’’” 
— 

y~m~u 
+

By carrying the integration through pand subs t i t u t ing  cos~~ =s

we obtain -

,• / \3/ 2 j~~
I c2 —~--‘dC — 2itN, 1!!-~

i_, I C~c ’”~
’ ~~~ ‘ ds dC .

81 ôt \ J~ I JC.’ O . 1

~~~~~~~~~~~~~~~~~~~~~~~~ 
— R—

I - -  ~~~
- _ _



2in t c~ ratin~ through “n” j eh
~d~ = - - s in h h = 2>

- 1: s~~o (2! 4 i) !

and then with f ~ dC = ~ 2~ N~[~
’~~) .  2 ~ (~~ /r ? 1 r )~~

’ u2 u 1 ~ ~~ ~~~~~~ dC ,
ci ci it i -  o (2I -4 1).

..‘.. .

a~’ter i n t e p m n t i on if ~l + I- f c 2 —~~d C = - - N ~> - -  (2. ,,, ) f - I ,, 21

( 1  ~ ~

sotvtnr the argument for the L-th member

(2~çm..)’ 
1 

~,
2S (10 I s

)
: I (j0 6)2I io— ~ ’~

that is , each fo l l ow i n g  member  is by 3 orders C;ma t Ier t

~‘recedinp and it s u f f i c e s  to L i m i t  ourse L ’:es to / = 0 .  ~~ we

duct  ( ( - ) W~ F~E’t’ f ~.2~ fr (IC -
? (

J ~~ 
( 1  (~1 Vii ,

2. 2. 2(cV,)f,dC is ca lcuLated  by de te rm in in~ 
- rn- (3)

(C) C

-~~d ( L ~~) ~nd wr it inp out the scatar e~~fects and then ~ - i ’ i~~c

in (Di), t h en  ( D 2 )  and (D3 ) obtaining

.1(C) = f~! 
(

~im
r)~~2{ iJ ~ foJ: c5 ~~~~~~ I,~~os sin c~s dc d~5dç’ -F

—

-4- -f-- I C~e ~ e
Iv0

~~ sin 2 
~ cos qi dC d) d ,~ •~

8xJ0~ 1jo -

+ -—- j J j Ce ~~~~ Sin 2 
~9 siii 1,0 dC d9 thp

0 0 0

~ot h the Latter integration members throu~’h ‘~~ w i l t  he e l i = I-

nated and the first member we solve fully as in the  -~recr1 in

case. Thus we have

I c2(c V,) f, dC = -~~- (L° _!~ N~0u e) .
.J( c) 8: \ 3 m,

.... .
1’~ 1) - 1i~)( ~~~~~ 

) 1~— L i c ’€ ) 7()



I ~
( ‘ “

~f 
(IC

3~~ .
J ( r j  \~~

I
~ J we f ir ~it r i m r L 1~~’: t~e intei r~ t i o n

h’ arts (see re ”erence /3/ for  d e t a i l s )

5 ( ~ ~~~~~~~~~~~~~~~~ 
— _f CF ~f ~d c ;

~in c’ “m m the reLations~ in (~~~~~) 
an d assumin g t hat

( (c~~~~~ c x H]) = o, we ob ta in by wr i t in ~’

n u t  th e  scalar  e f fec ts , again f~ r three me mbers , of  which only

the first one is o~
’ the zero tyme (by inte gration throuph ~~‘ ) .

2hu~ we solve mpa in as in the case 1 • and obtain

f 2(F~ V~~ f C dC = — 
2

(c) ~~ J rn,

~I) Pt K~~K l K  I . , X K 1 s t ~i V.: C,cch. J. Phvs. 11 17 ( l’)&2), 296.
121 (1 ‘ovc~ii \‘. t~ U,kLtt ~~ —~.-i3 (ok s t~ ti~ 4 .
13) }. IL J :  ‘~~ d do t~~~: ic  1’T.t,~~~~i i  ~~~~~
141 1 t ; ( I I S  \‘., \~ s i t  ~ V.: c oi p k rø m & stk ~Ic n i.

15) Pt ~ K I - . 
}
~,uj .~i \‘.: C,c~h. J . Ph ys 1? 12 (1962), 815.
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